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1. Introduction

We will consider two ways to fuzzy order a finite set of
fuzzy numbers:(1)using a weak fuzzy ordering(= ) in the next
section; and (2)using a strong fuzzy ordering(«>»)in the third
section. By a fuzzy ordering we mean that the value of the
comparison M < (<,>,>)N, for two fuzzy numbers M
and N, will be a number in the interval [0,1] By an ordering
(or crisp ordering) we mean that the value of the comparison is
either zero or one.

All our fuzzy sets will be fuzzy subsets of the real numbers.
So,M,N, Al. ... all represent fuzzy subsets of the real num-
bers. If A is a fuzzy set, then 4 (X)) €[0,1] is the mem-

bership function for A, written Z[a], is defined as

{X‘Z(x(z a}, for0 < a<1. A[0] is separately defined as

the closure of the union of all the Z[a],O < a<1.a fuzzy
number N is a fuzzy subset of the real numbers satisfying (1)
N (x)=1 for some } (normalized); and (2) N [a] is a
closed, bounded, interval for 0 < @ <1a triangular fuzzy
number T is defined by three numbers a, <a,<a, where the
(f(az) =1). We write T = (Cll /a2 /613 ) for triangu-

, then we can form the fuzzy relation
—v(A >A )

lar fuz?/ nuznbers [10

=[T,), an*n matrix, where ’ we will also

use = to construct R :[]}] a Xn matrix, where

T]-W = V(ZI > ZJ) We will also use = to construct R .
w_ = _
= V(Al. > Aj)and

We will use the notation

V; = Ai > Aj) , where the superscript «w» denotes a

weak fuzzy order and the superscript «s» stands for strong
fuzzy order.

1. Fuzzy order . zebardast

What we are after in this paper is a unique ordering of any
finite set of fuzzy numbers, from smallest to largest, different
from those previously proposed in the literature ,also having
this ranking produce a maximum and minimum for the finite
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set of fuzzy numbers

Example

Let the fuzzy relation matrix, for a finite set of four fuzzy
numbers, be

Where we used V; + Vj- =1,i# J. R isnot tran-

sitive. The rows (columns) are labeled Al geeees A4 now look

0 07 04 0.7
7o 03 0 0.7 0.3
0.6 0.3 0 0.8
0.3 0.7 0.2 0

at all possible rankings of Al through A4 from smallest to

largest. - —
They are A;,A,,A, and A4;,A,, A, . Delete the second

row and column of R which is to delete A2~ There is now

one ranki%, from_smallest to largest, with maximum value
0.6.1tis A2, A1, A3 we have a major rank reversal because

now A3 if ranked first (largest) the possibility of rank rever-

sal can poise a major problem in decision analyses
Example 1: if A(1):[4,3.2] and A(2):[8,7,6]
A(3):[12,10,8]
The order of fuzzy numbers, from min to max is

and

A (1):

2 3 4
AQ2):

6 7 8
AQ3):

8 10 12
ok

1.000010000096196e-005 3.000030000332998¢-005
1.000010000140605¢-005

1.000000000000000e+000  1.000010000140605¢-
005 0
1.000000000000000e+000
1.000010000140605¢-005
A(1)>AQ)& A(1)>A(3) is: 1e-005
AQ>A(D)& AQ)>A(3) is: 0
AGY>A(D& AG)>A(Q2) is: 1
A()>A(2) is: 3e-005

AQ)>A(1) is: 1

1.000000000000000e+000

A(1) AQ2) A@3)

0.8r

0.6

04r

0.2r

2. The order of fuzzy numbers, from min to max. zebardast

Maximum /Minimum

Given a finite set of distinct fuzzy numbers

S = {Al geees An } we wish to find the maximum and mini-

mum of S. There is fuzzy max (min) written max(min) ,
but usually maxS(minS) is not a member of S. this has

caused problems in some applications. See for example the
fuzzy shortest path problem (see the reference is this paper).
We now specify the max (min) of S which will belong to S. We
will use a strong fuzzy ordering and the results of the previous
section

consider how a person would go about finding the max
(min) of a finites set {al yees Uy } of distinct real numbers. The

person may employ the following set of four rules, of which
we only list the first and last rule

R, [ la, > a, true] and [a, > a, true] and[a, > a, true] then max = a, true

R, f [a, > a, true] and [a, > a, true] and[a, > a; true] thenmax = a, true
Fuzzify the rules producing
R[4 > A)) and [4, > A4;] and[ A, > A,],themax = 4,
R f[A,>A]land [A, > A,] and[ A, > 4,],themax = 4, ;
We set the valueof [ 4 ~ 4 Jtob A >A)=y Th
e set the value o [Ai>Aj]O ev(Ai>Aj)_vj e

value of [max=Al] is, from the first fuzzy rule above min (
). Since only on ranking has positive value

only one [max = Zl] has positive value and that one give

maxi. Similarly we get mines. Max has the following proper-
ties (similar properties for min) If max= 4;, choose some Aj

and substitute A4 =A; +x, forsomex >0, for A;,then

max remains the same or it could changes to A 1f max= Ai
and we add another fuzzy numbers A to S, then the max re-
mains the same or it could change to A.

where the original ordering is 232124 ZZ so the max=

A2 Now let A = A, +x forx >0 and substitute Zfor Al

the method applied to S = {23 5 Z 1, 24, A2 ,}gives a unique
second final ranking and we now show that max cannot be 23 ,
or 24 . Suppose the second ranking produces max= A3 (same
argument holds if A4 ). Then in the original ranking
v(4, > 4;) > 0 and in the second ranking V(A3 > 4,) >0
which is impossible for a strong fuzzy ordering

Graph theory result:

A directed graph consists of a set of n vertices

— and a set of arcs A. A is a set of ordered
V=115V,
pairs of vertices in V if U,V € A , then there is a directed

are (one — way street ) from U to V . A tournament is a directed
graph so that for alld ZV in V, we have (uv)

but not both . A tournament is transi-
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tive if whenever (u,v)e 4,and(v.w)e A and u#w, then
(u,w)E A. A complete simple path in a directed graph is a
P =U;p,...,Uu;, where (i,..., 1) is a permutation of (1,2,3,

...,n) in P each vertex appears only once and we interpret p as
the path from uil to u, along directed are (u,u,) € A,

....,fromu_ tou._along directed arc(u,
in-1 in

in-17

u) €A

We now show that every transitive tournament has a
unique complete simple path. The proof'is in two parts: (1) part
1 shows that every tournament has a complete simple path, and
(2) part 2 shows that any transitive tournament has a unique
complete simple path.

Part 1

The proof is by induction on the number of vertices n.
Surely it is true when n =2 Assume it is true for tournaments
with n>2 vertices and we argue that it must also be true for
tournaments with n+1 vertices so that (w,u) €A or (u,w) €

A but not both , for 1 <;j <x n. There is a complete simple

path uil,..., u,_in the original tournament with n retires. If
(w,u,) €A, then the complete simple path is w , uil,... ,u_,

So assume that (w,u, ) in not in A. let k be the largest posi-
tive integer so that (w,u,) does not belong to A, if k<n,
then(u,,w) €A and (w,u,. ) €A and the complete simple

path is uil,...,u ,wu,  ,...u . If k= n,then(uh , w) c A

and u,,...,u ,w is the complete simple path

Part 2

Now we have transitive tournament. In a complete simple
path u,...u, we say that u, follows, or is reachable from, u,
if 1>1

Let p, and p, be two different complete simple paths. Then
we must have U # Vin V so that v follows v in p, and v fol-

lows u in p,. If u follows v in p, and the tournament is transi-
tive, we can show by induction that (u,v) € A. similarly for p,

we can show that (u,v) € A . This contradicts the basic prop-
erty of tournaments; the set of fuzzy numbers (n) is not too

large. Software can be made to do this when n is large Assume
we have six fuzzy numbers. 4 | < ;<. torankandall the

S_

values V] 0 but both are zero , for I # ] . We know that
V; =0 for all i. start with 4, and A2 and look at and
. One of these is not zero and assume it is >(.

The ranking starts outZIZZ, Now we enter the rest of the
fuzzy numbers one — by — one . Enter A3 and look at

in the order form left to right choosing the
first non-zero value (when they are not all zero). Assume that
in this case they all-furn out to be zero, then the ordering is
Ay A A, - Enter A4 and consider in the

other from left to right picking the first non — zero value (when
they are not all zero). Assume that the first non =zero number
is Vi >0 and then the ordering is A3 Al A4A2 . Enter

A5 and study from left to right getting

the first one that is not zero (assglming there are not all zero)
Assume the first non —zerois Vg >0. Then the ordering is

A3A5A1A4A2. Enter A6 and consider the sequence

choosing, form left to right the

first non —zero value (when all are note equal to zero)
Assume the first one is >0 and then the final order-

ing is A;As A Ay Ay A
EXAMPLE 3:
A(1) [a,b,wb=1,c])/[a,b,wb=1,c,wc=1,d]: [3,5,1,8]
A(2) [a,b,wb=1,c]/[a,b,wb=1,c,wc=1,d]: [3,8,1,15]
A(Q3) [a,b,wb=1,c]/[a,b,wb=1,c,wc=1,d]: [1,3,1,4]
A(4) [a,b,wb=1,c]/[a,b,wb=1,c,wc=1,d]: [2,7,1,11]
A(5) [a,b,wb=1,c]/[a,b,wb=1,c,wc=1,d]: [2,4,1,6]
A(6) [a,b,wb=1,c]/[a,b,wb=1,c,wc=1,d]: [1,9,1,20]

6.666733334048658e-006  6.000060000621588e-

006 6.666766667666675¢-001 0

3.750097500975009¢-001
8.333483334833347e-001

1.000010000096196€-005
0 8.000080000680754e-006

2.500045000450004¢-001

2.500075000750011e-001
6.000060000621588e-006
1.111136111361113e-001
5.714437144371445e-001
1.000010000096196€-005
1.000010000096196e-005
1.000010000096196¢-

005 6.666746667466674¢-001 0

1.000010000085094¢-005

4.285842858428584¢e-001
1.000010000096196¢-

005 3.333383333833337¢-001 0

3.636369697030304¢-001
6.666766667666675¢-001

6.666733334048658e-006
6.666766667666675¢-001

3.750097500975009¢-001
8.333483334833347¢-001

3.333333333333335¢-001
0 3.333333333333333¢-001

2.500045000450004¢e-001
6.666746667466674e-001 0

001

7.500025000249998e-001
3.333383333833337¢-001

3.636369697030304¢e-001
6.666766667666675¢-001

1.000010000096196¢e-005
6.667066670666699¢-002
1.666754167541675e-001
5.000100001000010e-001

Column 6

2.727300000171518e-006
2.727300000171518e-006
2.727300000171518e-006
2.727300000171518e-006
2.727300000171518e-006
2.727300000171518e-006

R*:

6.249962499624997¢-001
7.499954999549996¢-001
2.500075000750011e-001
6.000060000621588e-006
1.111136111361113e-001
5.714437144371445e-001
1.666616666166663e-001
6.666716667166672e-001
8.888963889638897¢-

4.285842858428584¢-001
4.285662856628565¢-001
5.714157141571417e-001
1.000010000096196¢-005
6.667066670666699¢-002
1.666754167541675e-001
5.000100001000010e-001

Column 6
6.363657575969698¢e-001
9.333320605933332¢-001
3.333260605333327¢-001
8.333273105458326¢e-001
4.999927271999992¢-001
2.727300000171518e-006
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A(1)>A(2)& A(1)>A(3)& A(1)>A(d)& A(1)>A(5)&
A(1)>A(6)is: 0

AQ>A(D)& A2)>A(3)& AQQ)>A(4)& AQ2)>A(5)&
A(2)>A(6) is: 2.7273e-006

AB)>A()& AB)>AR)& AB)>A(B)& A(B)>A(D)&
AB)>A(6) is: 2.7273e-006

A@)>A()& A4)>AQ2Q)& A(4)>AB)& A(4)>A(5)&
A(4)>A(6) is: 2.7273e-006

AGB)>A(D)& A(5)>AQ)& A(5)>AB)& A(S)>A(d)&
A(5)>A(6)is: 0

A(6)>A(1)& A(6)>A(2)& A(6)>A(3)& A(6)>A(d)&
A(6)>A(5) is: 0.066671

ABRGAM)

A(4A(A(E6)

3. The order of fuzzy numbers, from min to max.

Next SLder_examp e4 and find the final ranking for the
set S' = fzfl)-ln,Az, A4,,4, lfv(A >A4)>0 thenmax=

Zz,and if V(A >A2) >(), then max = A

Summary and conclusions

In this paper we were interested in using a fuzzy ordering
to rank a finite set of fuzzy numbers from smallest to larges by
use of the matlab software program. A fuzzy ordering assigns
a number in [0, 1] to the comparisons j7 - A/ and Af > N

and ranking them with graph .
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Annomayus: B COBpeMEHHOM MHpPE OZIHOW M3 TPUOPUTETHBIX 33724 (PUPMBI SIBISICTCS MUHUMH3ALIUS U3JEPIKEK. ITO MOXKET
OBITH OCYIIECTBIICHO, B YACTHOCTH, C TIOMOIIBIO PEIICHHUS 3a/1ad KaJIECHIAPHOTO IJIaHUPOBAHUS, TO3BOJIIONINX HAUTH OITH-
MaJIbHbIH IJIaH ITPOM3BOACTBA, YUUTHIBAIOLINN BO3MOXKHOCTH NMPOU3BOICTBA, CIIPOC HA NMPOAYKIMIO U Pa3HbIE CIIOCOOBI yI0B-
JIETBOpEHUs cripoca. PeleHne Takux 3ajiau MeHeKepaMy KOMITaHHH, TO3BOJIUT M30eXaTh 0OpalleHust K yCIIyraMm CTOPOHHUX

CIICIIUATIUCTOB.

B ycnoBusx coBpeMeHHOH HeCTaOMIBHOCTH 3KOHOMHKH,
pacTyleil KOHKypeHIUH U yJOPOKaHHsI PECYpPCOB IEpes Me-
HeJKepaMH BCEX YPOBHEH OCTPO BCTAET BOMPOC 00 ONTUMHU3A-
IIM BCEX BUJIOB JICSITEINLHOCTH MIPEANIPUATHS. B MeHeIKMEHTE
MPUMEHSIOT OTPOMHOE YHCJIO METOJOB, MO3BOJISIOIINX CHU-
3UTh U3AEPKKU B UCIOJIB30BAHUU MaTepHANIOB, OPraHU3aIUU
pabodero BpeMeHH, OpraHU3alK TPAHCTIOPTHPOBOK U TUIAHA

MPOU3BOJICTBA.

B nmaHHON cTatbe paccMaTpuUBaeTCs METOX ONTHUMM3a-
MW TUIaHA TPOM3BOJACTBA (KaJeHIApHOIO IUIAHUPOBAHMS).
[Ipon3BOACTBO 3aBHCUT OT MHOXeCTBa (DAKTOPOB, TAKUX KaK
CTOUMOCTB PECYPCOB B OIpEIeNICHHBII MEPHUOl BpEMEHH, KO-
JIMYECTBO AOCTYIIHOTO TPyJa, CIIPOC Ha MPOAYKIIHIO, a TaK JKe
BO3MOXHBIX 3aTpaT Ha XpaHeHWe npoaykuuu. [Tpomykiuro
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